We study a splitting algorithm for problems involving the sum of two accretive operators. We prove the strong convergence of the algorithm. Applications to variational inequality, fixed point, equilibrium, and minimization problems are provided.
Introduction
Many important real world problems have reformulations which require finding zero points of some nonlinear operators, for instance, evolution equations, complementarity problems, mini-max problems, variational inequalities and optimization problems; see [-] and the references therein. It is well known that minimizing a convex function f can be reduced to finding zero points of the subdifferential mapping ∂f . Forward-backward splitting algorithms were proposed by Lions and Mercier [] , by Passty [] , and, in a dual form for convex programming, by Han and Lou [] . The algorithms, which provide a range of approaches to solving large-scale optimization problems and variational inequalities, have recently received much attention due to the fact that many nonlinear problems arising in applied areas such as image recovery, signal processing, and machine learning are mathematically modeled as a nonlinear operator equation, and this operator is decomposed as the sum of two nonlinear operators. This paper concerns a forwardbackward splitting algorithm with computational errors designed to find zeros of the sum of two accretive operators A and B.
The paper is organized in the following way. In Section , we present the preliminaries that are needed in our work. In Section , we present a splitting algorithm for finding zeros of the sum of two accretive operators A and B. Convergence analysis of the algorithms is investigated. In Section , applications of our main results are provided.
Preliminaries
Let E be a real Banach space with the dual E * . Given a continuous strictly increasing function ϕ : R + → R + , where R + denotes the set of nonnegative real numbers, such that ϕ() =  and lim r→∞ ϕ(r) = ∞, we associate with it a (possibly multivalued) generalized http://www.fixedpointtheoryandapplications.com/content/2014/1/166
∀x ∈ E. In this paper, we use the generalized duality map associated with the gauge func-
A Banach space E is said to be uniformly smooth if
E is said to be q-uniformly smooth if there exists a fixed constant c >  such that ρ E (t) ≤ ct q . The modulus of convexity of E is the function
Recall that E is said to be uniformly convex if δ E ( ) >  for any ∈ (, ]. Let E be a smooth Banach space, and let C be a nonempty subset of E. Let Proj C : E → C be a retraction and J be the normalized duality mapping on E. Then the following are equivalent []: () Proj C is sunny and nonexpansive; (
Let I denote the identity operator on E. An operator A ⊂ E × E with domain D(A) = {z ∈ E : Az = ∅} and range R(A) = {Az : z ∈ D(A)} is said to be accretive iff, for t >  and
An accretive operator A is said to be m-accretive iff R(I + rA) = E for all r > . In this paper, we use A - () to denote the set of zeros of A. For an accretive operator A, we can define a nonexpansive single-valued mapping J r :
which is called the resolvent of A. Recall that a single-valued operator A : C → E is said to be α-inverse strongly accretive if there exists a constant α >  and some
Let T : C → C be a mapping. Recall that T is said to be κ-contractive iff there exists a constant κ ∈ (, ) such that Tx -Ty ≤ κ x, y , ∀x, y ∈ C. T is said to be nonexpansive iff κ = . T is said to be κ-strictly pseudocontractive iff there exists a constant κ ∈ (, ) such that
In order to obtain our main results, we also need the following lemmas. 
Main results

Theorem . Let E be a real q-uniformly smooth Banach space with the constant
be a fixed κ-contraction. Let {r n }, {α n }, {β n }, and {γ n } be positive real number sequences, where {α n }, {β n }, and {γ n } are in (, ). Let {x n } be a sequence generated in the following iterative process:
where J r n = (I + r n B)
sequence in E, and {f n } is a bounded sequence in D(B).
Assume that the sequences {α n }, {β n }, {γ n }, {e n }, and {r n } satisfy the following restrictions:
Proof First, we show that {x n } is bounded. In view of Lemma ., we find that
From restriction (), we find that I -r n A is nonexpansive. Fixing p ∈ (A + B) - (), we find from Lemma . that p = J r n (x n -r n Ax n )p. It follows from restriction () that
where M = sup n≥ { f n -p }. This shows that {x n } is bounded. Set y n = (I -r n A)x n + e n . It follows that
Using Lemma ., we find that
On the other hand, we have
Using (.) and (.), we find
Using restrictions (), (), and (), we obtain from Lemma . that
Using restrictions () and (), we obtain from (.) that
we find from (.) and restriction () that
Without loss of generality, let us assume that there exists a real number r such that r n ≥ r > . Since B is accretive, we have
It follows that
This implies from (.) that
Since J r (I -rA) is nonexpansive and f is contractive, we find that the mapping tf + ( -t)J r (I -rA) is contractive. Let x t be the unique fixed point of the mapping tf
where Proj (A+B) - () is the unique sunny nonexpansive retraction from C onto (A + B) - ().
Next, we show that
we have
Fix t and let n → ∞. It follows from (.) that
Since the duality map J q is single-valued and strong-weak * uniformly continuous on bounded sets of a Banach space E with a uniformly Gâteaux differentiable norm, one has
Hence, ∀ > , ∃δ >  such that t ∈ (, δ), one has
Using (.), we see that
Using Lemma ., one has
q- http://www.fixedpointtheoryandapplications.com/content/2014/1/166
Using restrictions () and (), we see from (.) that {x n } converges strongly to x. This completes the proof.
Remark . The framework of the space in Theorem . can be applicable to L p , where p > .
Corollary . Let E be a real q-uniformly smooth Banach space with the constant K q . Let B : E →  E be an m-accretive operator such that D(B) is convex. Assume that B - () = ∅.
Let f : D(B) → D(B) be a fixed κ-contraction.
Let {r n } and {α n } be positive real number sequences, where {α n } is in (, ). Let {x n } be a sequence generated in the following iterative process:
where J r n = (I + r n B) - . Assume that the sequences {α n } and {r n } satisfy the following restrictions:
Then the sequence {x n } converges strongly to x = Proj B - () f (x), where Proj B - () is the unique sunny nonexpansive retraction of C onto B - ().
Corollary . Let E be a real q-uniformly smooth Banach space with the constant K q , and let C be a nonempty closed and convex subset of E. Let f : C → C be a fixed κ-contraction.
Let T : C → C be an α-strictly pseudocontractive mapping with a nonempty fixed point set. Let {r n }, {α n }, {β n }, and {γ n } be positive number sequences, where {α n }, {β n }, and {γ n } in (, ). Let {x n } be a sequence generated in the following process:
where {f n } is a bounded sequence in C. Assume that the sequences {α n }, {β n }, {γ n }, and {r n } satisfy the following restrictions: http://www.fixedpointtheoryandapplications.com/content/2014/1/166
Then the sequence {x n } converges strongly to x = Proj F(T) f (x), where Proj F(T) is the unique sunny nonexpansive retraction of C onto F(T).
Proof Putting A = I -T, we find that A is α-inverse strongly accretive and
Notice that
Using Theorem ., we find the desired conclusion immediately.
Applications
In this section, we give some applications of our main results in the framework of Hilbert spaces.
From now on, we always assume that C is a nonempty closed and convex subset of a real Hilbert space H and P C stands for the metric projection from H onto C. Let A : C → H be a monotone operator. Recall that the classical variational inequality is to find x ∈ C such that
The solution set of the variational inequality is denoted by VI(C, A). Let i C be a function defined by
It is easy to see that i C is a proper lower and semicontinuous convex function on H, and the subdifferential ∂i C of i C is maximal monotone. Define the resolvent J r := (I + r∂i C ) - of the subdifferential operator ∂i C . Letting x = J r y, we find that
where N C x := {e ∈ H : e, v -x , ∀v ∈ C}. Putting B = ∂i C in Theorem ., we find that J r n = P C . Hence, the following result can be obtained immediately. http://www.fixedpointtheoryandapplications.com/content/2014/1/166 Theorem . Let f : C → C be a fixed κ-contraction. Let A : C → E be an α-inverse strongly monotone operator with VI(C, A) = ∅. Let {r n } be a positive number sequence. Let {α n }, {β n }, and {γ n } be real number sequences in (, ). Let {x n } be a sequence generated in the following iterative process:
where {e n } is a sequence in H and {f n } is a bounded sequence in C. Assume that the sequences {α n }, {β n }, {γ n }, {e n }, and {r n } satisfy the following restrictions:
Then the sequence {x n } converges strongly to x = P VI(C,A) f (x), where P VI(C,A) is the unique metric projection from C onto VI(C, A).
Next, we consider the problem of finding a solution of a Ky Fan inequality [], which is known as an equilibrium problem in the terminology of Blum and Oettli; see [] and the references therein.
Let F be a bifunction of C × C into R, where R denotes the set of real numbers. Recall the following equilibrium problem:
The solution set of the problem is denoted by EP(F) in this section.
To study the equilibrium problem (.), we may assume that F satisfies the following restrictions: 
for all r >  and x ∈ H. Then () T r is single-valued and firmly nonexpansive; () F(T r ) = EP(F) is closed and convex. Let {α n }, {β n }, and {γ n } be real number sequences in (, ). Let {x n } be a sequence generated in the following iterative process:
Lemma . Let F be a bifunction from C × C to R which satisfies (A)-(A), and let A F be a multivalued mapping of H into itself defined by
where J r n = (I + r n A F ) - , {e n } is a sequence in H and {f n } is a bounded sequence in C. Assume that the sequences {α n }, {β n }, {γ n }, {e n }, and {r n } satisfy the following restrictions: () α n + β n + γ n = ; () lim n→∞ α n = , 
